Abstract. The concept of a weak value of a quantum observable was developed in the late 1980s by Aharonov and colleagues to characterize the value of an observable for a quantum system in the time interval between two projective measurements. Curiously, these values often lie outside the eigenspectrum of the observable, and can even be complex-valued. Nevertheless, the weak value of a quantum observable has been shown to be a valuable resource in quantum metrology, and has received recent attention in foundational aspects of quantum mechanics. This paper is driven by a desire to more fully understand the underlying mathematical structure of weak values. In order to do this, we allow an observable to be any Hermitian operator, and use the pre-and postselected states to develop well-defined linear maps between the Hermitian operators and their corresponding weak values. We may then use the inherent Euclidean structure on Hermitian space to geometrically decompose a weak value of an observable. In the case in which the quantum systems are qubits, we provide a full geometric characterization of weak values.
Introduction
In the late 1980s, Aharonov and colleagues defined what is known as the weak value of a quantum mechanical observable [1] . The weak value was introduced as a way of representing the value of an observable for a quantum system in the time interval between two projective measurements. The reason for considering such an object is that, unlike classical mechanics where the state of a system is determined completely for all future (and past) times by an initial state and the equations of motions, quantum mechanics allows a degree of freedom with respect to the outcomes of future measurements independent of the equations of motion. Therefore, weak values were introduced as a way to probe this uniquely quantum feature. Of course, in order for weak values to be of physical significance one must in principle be able to experimentally access them. The fundamental principle of measurement disturbance in quantum mechanics requires us to access weak values by performing sufficiently weak measurements on many copies of identical systems having the same initial and final states. The weak value is then proportional to the average weak measurement result of such a pre-selected and post-selected (PPS) ensemble of quantum systems, with the proportionality given by the scale of the coupling strength for the measurement interaction. Fundamentally, the weakness of the measurement is related to the amount of information about the observable that can be extracted from the single measurement interaction. While a single weak measurement cannot extract very much information by itself, a high precision estimate of the weak value can be made with a large PPS ensemble and independent weak measurements on each.
Since their introduction, weak values have been the focus of a significant amount of interest in quantum metrology and foundations. In metrology, many experiments have used weak measurements and weak values to simplify high precision measurements [2, 3, 4] , including the first observation of the optical spin-Hall effect [5] . In foundations, recently the connection between the properties of weak values and so called "quantum paradoxes" has been clarified by Pusey and Leifer [6] . In particular, it has been shown that observing anomalous weak values of certain observables demonstrates that any ontological (hidden variable) model of the quantum system must be contextual [7] . The connection between weak values and contextuality was recently used to design a new single qubit quantum key distribution protocol that is fundamentally resistant to some important side-channel attacks [8] . Also, since it is a widely held conjecture that contextuality is a key resource for universal quantum computation [9, 10] , the ability to operationally measure the contextuality of a quantum system using weak measurements to estimate the weak value of selected observables holds potential as a very useful tool for implementing fault-tolerant universal quantum computation. Therefore, understanding the mathematical structure of weak values potentially holds great benefit for more deeply understanding the nature of quantum information and computation.
In this article we will study the geometrical interplay between between the pre-and post-selected states of the quantum system and the observable being weakly measured, and will relate the geometry to the weak values of the observable. A particular focus will be on the requirements for the weak value to be entirely real or imaginary, and the effect of noise applied to the pre-selected state on the weak value. This is not the first paper to investigate geometric aspects of weak values (see e.g. [11, 12] and references therein). In [11] , the focus is on the geometric aspects of the system being measured, whereas [12] focuses on the geometry of the measurement observable. This paper, like [12] , is primarily focused on the geometry of the measurement observable. However, it is more general, in that in our case, the space of observables is the set of all Hermitian operators, with the state projectors forming a special case. We believe that this approach provides a more complete picture from which to characterize and understand the mathematical framework underlying weak values.
Weak Measurements and Weak Values
Suppose the pre-selected state is given by |ϕ and post-selected state is given by |ψ (the ordered pair (|ϕ , |ψ ) will henceforth be referred to as the PPS ensemble). The corresponding weak value of an observable A is given by
Contrary to strong measurement results, which always return an eigenvalue of the observable being measured, a PPS ensemble can be chosen such the the corresponding weak value of a nontrivial observable can be any complex number. This seemingly odd behavior of weak measurements drives us to more rigorously characterize the underlying mathematical structure of these measurements, in the hopes of gaining further insight into their nature and potential utility in physical systems.
To that end, we will assume that the quantum systems being weakly measured are finite-dimensional, so that the space of observables H is the set of n × n Hermitian matrices, where n ≥ 2. This set is closed under matrix addition and scalar multiplication over R, so that H is then an n 2 -dimensional real vector space. Now, for any ordered pair (|ϕ , |ψ ) of distinct, nonorthogonal pure states, let W ϕ,ψ : H → C be a complex linear function defined over H, referred to hereinafter as a weak function, given by
We choose the notation W ϕ,ψ (M ) to denote the weak value of an observable rather than the standard notation of Eq. (1) from the physics literature for clarity and in order to make its mathematical nature as the image of a linear function more explicit. For much of this paper, we will be restricting ourselves to studying a particular subspace of observables, namely the (n 2 − 1)-dimensional trace-0 subspace S ⊆ H, and we will often restrict the weak functions to this domain. In order to make the distinction between weak functions on H and their restriction to the set S more explicit throughout the text, we will denote by W ϕ,ψ : S → C the restriction of W ϕ,ψ to S. Our reason for this restriction is the following.
First of all, the subspace S is naturally equipped with a scalar product and corresponding distance that makes it a well-defined Euclidean space. We may consequently analyze various geometric implications this has on the weak functions when restricted to this space. Secondly, if we extend this Euclidean structure over all of H, it is easy to see that for any m ∈ R, the set A (m) of trace-m Hermitian matrices forms a hyperplane in H, and can be viewed as an affine shift of S. More explicitly, if H denotes the n × n Hermitian matrices, then we may always write A (m) = S + m n I, where I is the n × n identity matrix. It follows that up to the trace of the observable, the underlying structure of weak observables is essentially determined by the trace-0 subspace. For example, suppose N ∈ H is any n × n Hermitian matrix, and let M = N − Tr(N ) n I. Then Tr(M ) = 0, and
While weak functions are well-defined over the n × n Hermitian matrices for any integer n ≥ 2, for the remainder of this paper, we will restrict ourselves to the base case of n = 2. This case corresponds to weak measurements on qubits. Before developing a characterization in full generality, it is important to have a firm understanding of the base case. Indeed, we have found enough rich structure in the qubit case alone, that in the interest of keeping the number of pages of this paper to something even moderately reasonable, we have chosen to reserve the n > 2 case for future work.
Recall that, unlike strong measurements, which only return real values as their measurement results, a weak measurement result is in general complex-valued. An interesting question to investigate is what the relationship is between a weak observable and the pre-and post-selected ensemble that might cause the weak value to have a nonzero imaginary component. We will provide a full geometric answer to this question for the qubit case later. We will end this section with an example of a particular case when the imaginary component is necessarily nonzero. This will be used later to prove the more general case, so we state it as a Lemma. Lemma 1. Suppose |ϕ and |ψ are distinct, nonorthogonal qubits, and let |γ be a state that is mutually unbiased to both |ϕ and |ψ (that is,
Proof. Because |ϕ and |γ are mutually unbiased by assumption, we have that
. However, with an appropriate global phase rotation applied to |ϕ , we may assume without any loss of generality that in fact γ|ϕ = . Thus, we may write
for some φ ∈ [0, 2π), where |γ ⊥ is the orthogonal complement of |γ . Similarly, since |ψ and |γ are also mutually unbiased, we may apply an appropriate global phase shift on |ψ such that ψ|γ = 1 √ 2
. Hence, we may write
for some α ∈ [0, 2π).
Once we have fixed these global phases on |ϕ and |ψ to force the two inner products ψ|γ and γ|ϕ to be real, we no longer have the luxury of assuming the inner product ψ|ϕ is real. However, using (5) and (6), we calculate
It follows that the inner product ψ|ϕ is a real number if and only if (φ − α) ∈ {0, π}, which occurs if and only if either |ψ = |ϕ or |ψ is orthogonal to |ϕ , neither of which are true by assumption. Hence, the weak value
necessarily contains a nonzero imaginary component, which concludes our proof.
In fact, letting ω = (α − φ), we explicitly calculate the weak value to be
In particular, if |ϕ and |ψ are mutually unbiased, then ω = ± π 2
, so that the weak value then reduces to 1 2 (1 ± i). Because we will be relying on the construction of Lemma 1 throughout this paper, it will be helpful to standardize some notation. Throughout this paper, the state |γ will always refer to a state that is mutually unbiased to both the pre-and post-selected states |ϕ and |ψ . In particular, we will always assume |ϕ and |ψ have a decomposition in terms of the |γ , |γ ⊥ basis as in Equations (5) and (6), respectively. The phase term ω will always have the form ω = (α − φ), so that we may always rewrite Equation (7) as
The Geometry of Density Operators
Density operators are defined as the set of positive trace-1 Hermitian operators. These generalize the quantum states to include both pure and mixed states. The pure states map to rank 1 projectors (|ψ → |ψ ψ|), and the mixed states form the convex hull of the projectors. Recall from the previous section that the set A (1) of trace-1 Hermitian matrices may be viewed as an affine shift of the vector space S of trace-0 Hermitian matrices. Restricting ourselves to the n = 2 case, we may explicitly write A (1) = S + 1 2
I.
As was hinted at earlier, we can define a scalar product and distance over the space S that makes it a well-defined Euclidean space. The scalar product of two elements A and B of S is given by
and the corresponding Euclidean distance squared is thus given by
Because of this added structure on the space S, it is convenient to study the image D ⊆ S of the set of density operators under the affine shift A (1) → S. Straightforward calculations reveal that the set D forms a 3-ball centered around the origin, having radius 1/2. Its surface, corresponding to the set of pure states, is composed entirely of elements of the form |ψ ψ| − 1 2 I. We will call D the Bloch ball and its surface the Bloch sphere.
It follows from (11) and (12) . Straightforward calculations show that mutual unbiasedness of pure states |ϕ and |ψ is equivalent to orthogonality of the corresponding points (|ϕ ϕ| − 
I) in D.
Naturally, any set of three orthogonal points on the surface of D forms a basis in S. That is, if |ϕ , |ψ and |γ are all three mutually unbiased, then any 2 × 2 trace-0 Hermitian operator M can be uniquely represented as
for a, b, c ∈ R. In particular, M is an element of the Bloch ball if and only if √ a 2 + b 2 + c 2 ≤ 1. Admittedly, this representation of the Bloch ball is a bit nonstandard. However, if we let |ϕ , |ψ , and |γ be given by the +1 eigenstates of the Pauli spin X, Y , and Z matrices, respectively, then one may show that M is equivalently written as
where a, b, and c are the same exact values as in (13) . Consequently, shifting M back into the trace-1 space M → M + I gives us the more familiar representation 1
of a density operator. However, for our sake, it will be far more convenient to both remain in the trace-0 subspace S and avoid fixing a particular basis.
The Geometry of Weak Values
Earlier in this paper, we asked what the relationship is between a Hermitian matrix M ∈ H (i.e. a weak observable) and a PPS ensemble (|ϕ , |ψ ) that might cause the corresponding weak value W ϕ,ψ (M ) to have a nonzero imaginary component. We are now ready to address this question more formally in the form of a theorem, and it will serve as the motivation for the remainder of this section. The proof, in fact, will be given later in this section, after we have developed some of the necessary geometric tools. Before stating the theorem, we introduce some notation. If |ϕ and |ψ are distinct, non-orthogonal pure states, then the span of their images in S, Span S {|ϕ ϕ| − I}, is a two-dimensional subspace, that is, a plane, in S. If the weak value function we are characterizing is given by W ϕ,ψ or W ψ,ϕ , then we call Span S {|ϕ ϕ| − The fact that we can obtain necessary and sufficient conditions for a weak value to be real that are purely geometric in nature strongly motivates the possibility that a complete characterization of qubit weak measurements, at least over trace-0 Hermitian matrices, will be fundamentally geometric. In fact, observe that, for any pure states |ϕ and |ψ , we trivially have W ϕ,ψ (|ϕ ϕ| − I} map to the same value under the weak function W ϕ,ψ . With just a few simple calculations, one also sees that any parallel shift of this line along the PPS plane will be mapped to a distinct value under W ϕ,ψ . Consequently, we may call the line Aff S {|ψ ψ| − I} (and any of its parallel shifts along the PPS plane) a weak value invariant for the weak function W ϕ,ψ . The remainder of this section will be dedicated to characterizing this invariance.
For a given PPS ensemble (|ϕ , |ψ ), define the point
This is the point exactly half-way between |ϕ ϕ| − 1 2
I and |ψ ψ| − I in the PPS plane, and hence the vector P ϕ,ψ is perpendicular to Aff S {|ψ ψ| − I} along the PPS plane will contain some scalar multiple of P ϕ,ψ . Thus, we define the function K ϕ,ψ that maps a real number to a line in H pps via
We see that the function K ϕ,ψ shifts the line Aff S {|ψ ψ| −
I} so that it is centered over a designated scalar multiple of the point P ϕ,ψ (see Figure 1(b) ). In
I} and K ϕ,ψ (0) contains the origin. Because each one of these lines is a weak value invariant, we may abuse our notation slightly and write instead
In particular,
In other words, for all s ∈ R, K ϕ,ψ (s) is the preimage of
Consequently, the sufficiency part of Theorem 2 follows trivially. Stated explicitly:
Proposition 3. For a given PPS ensemble {|ϕ , |ψ }, let M be any Hermitian operator in the corresponding PPS plane
We may now prove Theorem 2.
Proof of Theorem 2. Since sufficiency follows immediately from Proposition 3, we need only show necessity. Let |ψ be mutually unbiased to |ϕ such that |ψ ψ| − I} = H pps , and there exists a state |γ mutually unbiased to both |ϕ and |ψ , so that we may write an arbitrary trace-0 Hermitian operator M as
for some a, b, c ∈ R. If c = 0, then M ∈ H pps , so assume c = 0. Then by linearity of W ϕ,ψ , we see that
By Proposition 3 it follows that W ϕ,ψ a |ϕ ϕ| − I is real, since a |ϕ ϕ| − I is in H pps . Furthermore, we may write Consequently, it suffices to show that W ϕ,ψ (|γ γ|) ∈ R. But this follows immediately from Lemma 1. We conclude that if M is not in H pps , then W ϕ,ψ (M ) ∈ R, thus proving the necessity.
In fact, we may be even more explicit. Let |γ be mutually unbiased to both |ϕ and |ψ , so that |ϕ and |ψ have the form of (5) and (6), respectively. Let K ϕ,ψ (s, a) denote the line K ϕ,ψ (s) + a(|γ γ| − 1 2 I). This is the line K ϕ,ψ (s) lifted off of the PPS plane in a perpendicular manner by an amount determined by the scalar a. Then using Equations (9) and (19), we calculate
Consequently, the imaginary component of the weak value contains two pieces of information. The value ω is directly related to the angle between |ϕ and |ψ , and the value a indicates how far away the line containing the observable is from the PPS plane. In particular, if |ϕ and |ψ are also mutually unbiased to each other, then the weak value reduces to
where the sign of the imaginary component is determined by the sign of ω.
We have thus obtained a full geometric characterization of the weak value of trace-0 qubit weak observables. It follows from Eq. (3) and (4) that we can completely characterize the weak value of any qubit weak observable. Namely, suppose N is any 2×2 Hermitian operator, and let
This also implies that the real part of a weak value contains two pieces of information; namely, it relates to the trace of the weak observable, and the location of the line containing its projection onto the PPS plane.
Weak Values of State Projectors
From an experimental point of view, perhaps the most important observables are state projectors. Recall that any Hermitian matrix can be written as a linear sum of projectors onto its eigenvectors (where the scalars are given by the corresponding eigenvalues). Thus, for any 2 × 2 Hermitian matrix M ∈ H, there exists a pure state |ψ with orthogonal complement |ψ ⊥ and scalars a, b ∈ R such that M can be written as
Consequently, with an appropriate scaling of the measurement results, we can infer all the necessary information about an observable by simply measuring state projectors. Thus, in this section, we will consider weak measurements of observables that are points on the Bloch sphere. Because state projectors all have trace-1, it follows from Eq. (28) that we need only add 1/2 to the resulting weak values in order to obtain the full characterization of the weak functions on state projectors. Because the Bloch sphere is bounded, so too is its image in the complex plane under any weak function. Thus, we may further consider questions regarding optimization of weak functions over the Bloch sphere. Again taking experimental utility into consideration, we note that it is generally difficult to experimentally obtain both the real and imaginary parts of a weak value from a weak measurement, so we are generally left with choosing one of the two to measure.
Suppose we are interested in only obtaining the real part of a weak value. Note that, for any a ∈ R, Re(W ϕ,ψ (K ϕ,ψ (s, a))) = s 2 . Consequently, we gain nothing regarding the real part of a weak value by considering operators not on the PPS plane. Thus, we may restrict ourselves further to considering weak functions restricted to the intersection of the Bloch sphere with the corresponding PPS plane. This is simply a circle, so we denote this space by C.
We may now ask the following question: Given a particular PPS ensemble (|ϕ , |ψ ), what are max M ∈C W ϕ,ψ (M ) and min M ∈C W ϕ,ψ (M )? These values are obtained by finding the largest and smallest values s ∈ R such that the line K ϕ,ψ (s) = K ϕ,ψ (s, 0) intersected with C is nonempty. Obviously, the maximum and minimum are reached precisely when K ϕ,ψ (s) is tangent to the circle C. These tangent points will both be multiples of the point P ϕ,ψ . Thus, the problem reduces to finding the values s ∈ R such that the points sP ϕ,ψ are points on the circle, that is, they are distance 1/2 from the origin. Calculating, we find that s = ±1/| ϕ|ψ |, so that
and
By shifting back to the trace-1 space, we obtain the following result.
Theorem 4. For a given PPS ensemble (|ϕ , |ψ ), the state projectors that produce the largest and smallest real weak values are given by
where s = ±1/| ϕ|ψ |, and the superscript of H ϕ,ψ is determined by the sign of s. The corresponding weak values are
The values in (33) consequently provide the bounds of obtainable real weak values for a given PPS ensemble when we restrict the set of weak observables to state projectors. Note that, as |ϕ and |ψ become closer to orthogonal, the bounds approach ±∞.
It is interesting to note that the state projectors H ± ϕ,ψ always correspond to antipodal points on the Bloch sphere. Consequently, the states onto which they project are orthogonal to each other. The eigenspectrum of a state projector is simply {0, 1}, and hence H A similar geometric approach can be used to characterize the projectors that maximize and minimize the imaginary component of the weak value. For a given PPS ensemble (|ϕ , |ψ ), choose |γ to be mutually unbiased to both |ϕ and |ψ , and define ω accordingly as in Eq. (10) . Observe that, for any s ∈ R, Im(W ϕ,ψ (K ϕ,ψ (s, a) . Consequently, the projectors that maximize and minimize the imaginary component of the weak value are those whose images in the trace-0 subspace are farthest away from the PPS plane. Thus, we obtain the following result.
Theorem 5. For a given PPS ensemble (ϕ , |ψ ), let |γ be a state mutually unbiased to both |ϕ and |ψ . Then the state projectors whose imaginary components are the largest and smallest are given by |γ γ| and |γ ⊥ γ ⊥ |, where |γ ⊥ is the orthogonal complement of |γ . The imaginary components of the corresponding weak values are given by ± tan ω 2 , where ω is given as in Eq. (10).
It follows that the range of the imaginary components of the weak values are bounded by ± tan ω 2 for the given PPS ensemble when we restrict the set of weak observables to state projectors. Again, as in the real case, as |ϕ and |ψ become closer to orthogonal, the bounds on the range of imaginary components approach ±∞. Also as in the real case, the projectors that maximize and minimize the imaginary component of the weak value correspond to states that are orthogonal to each other. Figure 3 shows how finding the projectors that are farthest away from the PPS plane is equivalent to shifting the PPS plane up and down until it is tangent to the Bloch sphere. The tangent points then correspond to the operators whose imaginary component is maximized or minimized. If the PPS plane H pps is shifted up and down until it is tangent to the Bloch sphere, the tangent points are then the points that are farthest from the PPS plane on the Bloch sphere. These two points correspond precisely to the two states, |γ and |γ ⊥ , that are mutually unbiased to both states in the PPS ensemble.
A Generalization
Thus far, we have assumed that the pre-and post-selected states are both pure. However, this is often not the case in most practical implementations. While a state may begin as pure, by the time it arrives at the moment of weak measurement, it likely has undergone some form of noise. This should obviously affect the weak measurement results. We are interested in generalizing our definition of weak functions such that the pre-selected state may be a density operator. Doing so will help us understand how noise affects a weak value. In particular, if we begin with a designated pure state and we postselect on a designated pure state, then we can easily calculate what the expected weak value of a particular Hermitian operator should be had no noise occurred. Comparing this expected weak value against an experimentally obtained weak value should reveal some information about the noise.
Because the weak value is conditioned on both the pre-and post-selected states, one may expect that noise occurring between the moment of weak measurement and the moment of post-selection may also affect the weak value. However, if we make the weak measurement immediately prior to post-selection, then any noise between weak measurement and post selection is essentially negligible. Consequently, all of the noise parameters will be captured in the pre-selected state.
If the pre-selected state is a density operator ρ and the post-selected state is a pure state |ψ , then using the generalized weak value formula of [13] , we may define the generalized weak function on the PPS ensemble (ρ, |ψ ) as a complex linear operator
given by
In this more general setting, the assumption that the PPS pair be distinct and nonorthogonal generalizes to the assumption that ρ ∈ Aff{|ψ ψ|, |ψ ⊥ ψ ⊥ |}. Because ρ is a density operator, we may always express it as a convex sum of projectors onto orthogonal pure states, that is, ρ = (1 − p)|ϕ ϕ| + p|ϕ ⊥ ϕ ⊥ | for some p ∈ [0, 1] and some pure state |ϕ with orthogonal complement |ϕ ⊥ . Assuming ρ ∈ Aff{|ψ ψ|, |ψ ⊥ ψ ⊥ |} is equivalent to assuming that |ϕ ∈ {|ψ , |ψ ⊥ } and that p = . If these conditions are true, then there exists a corresponding weak value function W ρ,ψ , and for any M ∈ H, we may expand (35) in the following way:
In particular, when p = 0, then ρ = |ϕ ϕ|, and the generalized weak function reduces to the standard weak function formalism of (2). We see then, that the generalized weak function can always be expressed as a statistical mixture of pure state weak functions. In fact, if |ϕ and |ψ are mutually unbiased, then so must be |ψ and |ϕ ⊥ , and the above significantly simplifies to
Geometrically, we can interpret quantum mechanical noise as some action on the Bloch ball. In particular, the effect of depolarizing noise is to uniformly shrink the Bloch ball towards its center. Consequently, the effect of depolarizing noise on density operators is to map a state projector |ϕ ϕ| to the point (1 − p)|ϕ ϕ| + p|ϕ ⊥ ϕ ⊥ | for some p ∈ [0, 1 2 ). If we are trying to characterize the depolarizing noise, then the parameter we are trying to obtain is p.
By (39), we see that, given any PPS ensemble (|ϕ , |ψ ), we may weakly measure essentially any Hermitian operator M ∈ H (to obtain the value W ρ,ψ (M ), where ρ = (1 − p)|ϕ ϕ| + p|ϕ ⊥ ϕ ⊥ |), and then by decomposing the experimentally obtained value as in (39), we may infer the value p. However, taking practical experimental concerns into consideration, there may be certain operators that are more preferable to measure than others. In particular, we would like to compare the observed weak value W ρ,ψ (M ) of the operator M against the expected weak value W ϕ,ψ (M ) had there been no noise at all. Depolarizing noise always decreases the magnitude of the weak value. Due to finite sample size and resolution, this difference between observed and expected weak values becomes easier to experimentally detect the larger the magnitude of the expected weak value. If we are further restricted to only measuring the real or imaginary components of a weak value, and our weak measurement observable is a pure state projector, then the ideal choice of measurement observables are those given by Equation (32) in the case that we are measuring the change in the real component, and |γ γ| and |γ ⊥ γ ⊥ | when we are measuring the change in imaginary component, where again |γ is a state mutually unbiased to both |ϕ and |ψ .
Inferring the value p becomes exceptionally easier in the event that |ϕ and |ψ are mutually unbiased, as Equation (40) shows. Simple calculations show that
, so that in the mutually unbiased case, we obtain
Likewise, in the mutually unbiased case, we have ω = ± π 2
, and hence weakly measuring |γ γ| returns
so that the imaginary component is simply ±(
, where the sign is determined by the sign of ω. Similar calculations show that W ρ,ψ (|γ ⊥ γ ⊥ |) is the complex conjugate of W ρ,ψ (|γ γ|), so that the imaginary component of W ρ,ψ (|γ ⊥ γ ⊥ |) is simply the negative of that of W ρ,ψ (|γ γ|).
In order to most easily experimentally distinguish between the expected (e.g. noiseless) and observed (e.g. noisy) weak values, we would like the difference between expected and calculated values to be as large as possible; that is, we would like
Interestingly, while it is the case that for all p ∈ [0, 1), we have |Re(W ρ,ψ (H + ))| > |Im(W ρ,ψ (|γ γ|))|, it is also the case that for all p ∈ [0, 1), the differences between the magnitudes of the observed and expected weak values satisfy
with equality only in the case of p = 0. Consequently, |γ γ| (or equivalently |γ ⊥ γ ⊥ |) is likely the more preferable observable to measure to characterize the noise in this scenario.
Conclusion
In conclusion, we have shown that the weak value of an observable conditioned on a PPS ensemble (|ϕ , |ψ ) of pure states can be viewed mathematically as the image of a well-defined linear function W ϕ,ψ from the vector space H of Hermitian matrices to the set C of complex numbers. Because of the inherent Euclidean structure underlying the Hermitian vector space, we can use this map to characterize geometric invariants of weak values. In particular, when restricting to qubit weak measurements over the subspace S of trace-0 Hermitian matrices, each weak value (i.e. each complex number) corresponds to a unique affine line in S. This geometric characterization, at least when restricted to qubits, has great utility for, e.g. finding the weak projectors that maximize the real or imaginary components of the weak value, given a particular PPS ensemble. Moreover, we have shown that the weak value of an observable M ∈ H can be decomposed into different geometric components. In particular, we may always write
where Tr(M ) indicates in which affine shift of S the operator M lies, s corresponds to the invariant line on which the image of M in S lies, and a corresponds to the distance of the image of M in S from the PPS plane H pps . The term ω, however, is determined by the weak function itself. While it can be characterized as a geometric relation between the pre-and post-selected states (as in Eq. (10)), it has no relation to the choice of operator M . Additionally, we have shown a straightforward way to generalize the weak value functions such that the pre-selected system in the PPS ensemble defining the function may be a density operator. Doing this provides a method to characterize large classes of channel noise via the attenuation of the weak value. We demonstrated how to explicitly calculate the effects of depolarizing noise when the initial state (prior to noise) and postselected state were mutually unbiased, and use the geometric methods devised in this paper to determine the optimal state projectors to weakly measure. The same methods can be adapted to characterize a variety of noise classes. For example, the amplitude damping channel maps an arbitrary state projector |ϕ ϕ| to (1 − p)|ϕ ϕ| + p|0 0|, for some p ∈ [0, 1), where |0 is generally taken to be the +1-eigenstate of the Pauli spin-Z operator. In order to fully characterize the amplitude damping channel, we need to determine the value p. With only slight modifications, we may use the same methods to characterize amplitude damping channel noise as well.
In a prepare-and-measure quantum information processing task, the preparation and measurement bases are generally pre-determined. By recasting weak measurements and weak values in terms of linear functions defined by the pre-and post-selected states, we have made it particularly useful to analyze the effects of weak measurements in existing prepare-and-measure quantum information tasks. For example, we can envision augmenting the BB84 QKD protocol so that the receiver makes weak measurements immediately prior to strongly measuring in a particular basis. Given the possible PPS ensembles in BB84, we can use the techniques in this paper to easily determine which observables to weakly measure to obtain the maximum information about the quantum channel. When the bases disagree, we can use the attenuation in the corresponding weak values to characterize the channel noise, and consequently perform security analysis.
Such an augmented BB84 QKD protocol was recently proposed in [8] .
Admittedly, there are obvious practical shortfalls in using the generalized weak values to characterize noise. In particular, we have implicitly assumed perfect detectors, and we have arranged the experiments such that the weak measurement occurs immediately before post-selection so that any noise that might occur between the weak measurement and post selection can be treated as negligible. Indeed, even the best single photon detectors will have some nonzero dark count rate. Moreover, while a weak measurement does not collapse the quantum system, it will introduce a very marginal amount of disturbance which will show up as an extremely small, yet nonzero, error factor between the weak measurement and post-selection. Generalizing the weak value functions further such that both elements of the PPS ensemble are density operators will be a topic addressed in future work. We note that [13] provides a characterization of weak measurements in which the post-selection can be the result of any POVM. Using this characterization of weak measurements, we should be able to obtain the desired generalization.
Another obvious next step is to generalize all of these results to higher-dimensional quantum systems. While we have defined weak functions over n × n Hermitian matrices for any integer n ≥ 2, we have thus far only characterized the geometric aspects of these functions in the case of n = 2. Generalizing to the case of n > 2 is an obvious, yet daunting next step, given that the dimension of H grows quadratically with n. Even determining necessary and sufficient conditions for a weak measurement to yield an entirely real weak value in this case is highly nontrivial, though we have some conjectures.
In particular, suppose |ϕ 0 and |ψ 0 are distinct, nonorthogonal qunits (that is, they exist as unit-norm vectors in C n ). Suppose {|ϕ 0 , |ϕ 1 , . . . , |ϕ n−1 } and {|ψ 0 , |ψ 1 , . . . , |ψ n−1 } are each orthonormal bases containing |ϕ 0 and |ψ 0 , respectively. Let P ϕ = {|ϕ 0 ϕ 0 | − 1 n I, . . . , |ϕ n−1 ϕ n−1 | − 1 n I}, and define P ψ likewise. That is, the elements of P ϕ and P ψ are the images of the projectors onto the corresponding basis elements in the trace-0 subspace S of H. Let R ϕ,ψ = Span S {P ϕ , P ψ }. Then straightforward calculations show the following result. Proposition 6. Let M ∈ R ϕ,ψ . Then W ϕ i ,ψ j (M ) ∈ R, for any i, j ∈ {0, 1, . . . n − 1}.
In the case n = 2, the space R ϕ,ψ is precisely the PPS plane H pps . Consequently, we conjecture the following: Conjecture 7. Let M ∈ S. Then for all i, j ∈ {0, 1, . . . n − 1}, W ϕ i ,ψ j (M ) ∈ R if and only if M ∈ R ϕ,ψ .
Determining whether or not the above conjecture is true would be the first step in characterizing the geometry of weak measurements in higher dimensions.
